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Abstract. Using the & matrix formalism we construct a system of g-superoscillators,
bosonic as well as fermionic, covariant under the coaction of the quantum orthosymplectic
supergroup OSp, ,(2/2}).

A lot of interest has been generated in the theory of quantum deformations of Lie
groups and Lie algebras. The study of g-deformations has been further extended to
supergroups and superalgebras. In an interesting development, independently of the
original formal considerations [1-3], a system of g-oscillators has been proposed for
g-oscillator realizations of quantum Lie algebras and superalgebras. In particular,
Chaichian ef al [4] have succeeded in constructing the algebra of g-osciliators (bosonic
as well as fermionic) covariant under the coaction of the quantum supergroup
SU,(n/m). Their considerations also allow one to define a system of g-oscillators
covariant with respect to other supergroups. The purpose of this note is to give a
corresponding system of superoscillators covariant with respect to two parameter
deformation of the quantum orthosymplectic group OSp(2/2).

The system of deformed creation and annihilation operators can be identified with
the coordinates and derivatives of non-comntutative spaces covariant under the action
of quantum groups [5-7]. A non-commutative differential calculus on a general
quadratic algebra covariant under the coaction of arbitrary quantum group has been
developed by Wess and Zumino [7). They assumed the following commutation
relations between variables and derivatives:

x'x/ = B x*! (1.1)
3x'=4}+ C¥x'9, (1.2)
8,8;=F}8,0, (1.3)

where the matrices B, C and F are related to the R matrix of the quantum group. Wess
and Zumino solved the constraints for these matrices in terms of the R matrix.
However, Hlavaty [8] has shown that there exist more general solutions of the
constraints satisfied by B, C and F matrices. The minimal polynomial of the matrix R
is of degree m and is defined as

MR =R-2)R=1). .. (R=-1,)=0 (m=<n?). (1.4)
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The roots of the polynomial M(R) correspond to the eigenvalues of R but their
multiplicities may differ. The solutions to the constraints are given by the following
matrices

M(R)
K.

C=C"(R)=§ B=B,(R)=E- F=B (1.5)

where

Mi(R)y=(R—2,)""M(R) Kk=H (—4) k=1,...,n (1.6)

ik
In this way we get a nice construction of quantum hyperplanes

O(R)=Clx', . .. ,xﬂ)/M;f) (1.7)

and their differential calculi (given by B, C, F). The m=2 case has been discussed in
the literaiure quite often. We are here interested in the case when the minimal
polynomial is of degree greater than two. The construction, however, works only for
the hyperplanes given by Q,(R). Differential calculi on other possible hyperplanes
cannot be defined. The quantum superplane covariant under the action of GL(1/1) is
discussed. Then we extend these considerations to quantum supergroup OSp(2/2) and
formulate a consistent differential calculus which is realized in terms of quantum
superoscillators. ‘

We start with the following R matrix {4, 8-10] which gives one of the eight vertex
solutions of the Yang-Baxter equation (YBE), the complete list of which has been
given by Hlavaty [8]:

g 0 00
Owgﬂ
R=46 1 0 o @0
1
00 0 —
P

where p and g are two complex deformation parameters and w =g — 1/p. We also take
pq =r>. This matrix which is a solution of the braid Yang-Baxter equation

R RysRyy= RyRy Ry (2.2)

is a ‘non-standard’ [11] R-matrix because in the classical limit this reduces not to the
usual permutation matrix but to the super (or graded) permutation matrix acting upon
a superspace whose first coordinate is bosonic and the second is fermionic:

1 00 O
001 0

Rem®=| 0 0 0 o (2.3)
000 -1

This R-matrix is related to the R-matrix for g-deformation of coordinate functions on
the supergroup GL(1/1) in the following way

R=%R. @4
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Given a matrix R satisfying the braid Y8E (given by (2.2)),.the matrix R obtained from
it by left multiplication with & can be shown to satisfy the graded Yang-Baxter
equation

RypRy3 Ry =RuRizR;y (2-5)
where [9]

(Ru)jja=Ri50%

(Ru)is = (-1 PR @6)

( st)'t'z‘s =(— 1)"('2+'3+’2+’3)R;§;§ 6;: .

This conclusion holds if, and only if, the sum of the degrees of the upper pair of
indices of the R matrix matches that of the lower pair. This technical requirement is
evidently satisfied for the matrix given in (2.1). Throughout this paper it is understood
that in exponents like (—1)‘i stands for the Z-grade of the index £, which is 0 for the
first row or column of a 2 X 2 matrix and 1 for the second,

The quantum supergroup commutation relations can be written in matrix form as

RT\T,=T,T,.R 2.7
where we use the tensoring convention of [9]
(TVE=(TONG=(-1)**"T:6;

(T%= (U@ T)h= (- 1)+a7%5z. @8
In terms of the R matrix (2.7) can be rewritten as '

RT\T;=T,T;R (2.9)
where

T,=9T,9. (2.10)

Equations (2.2) and (2.9) are the crucial ingredient of rFrT formalism [3] in the
supersymmetic case [11]. In terms of generators T’ equation {2.7) can be recast as

RI, TETE = TTHRYY. (2.12)

In the present case (2.11) leads to the familiar two-parameter deformation of GL(1/1)

1o}

The minimal polynomial of the matrix R given by (2.1) is of the second order and
=g A,=—1/p. (2.12)

The relations defining the quantum superplane and the differential calculus corre-
sponding to B,(R) are given by

x0=q6x 6*=0 (2.13)
dx=1+rxd, +(*~1)0d;,  0.0=p09,

Opx = qxd, d,8=1—68,

8,0 =p"'849; 0,0,=10. (2.15)

Since R(g,p)'=PR(g™", p )P the formulae for the alternate differential calculus
can be obtained by g—1/¢q and p—>1/p and taking the reverse of the factors in
products.

(2.14)
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The R matrix given in (2.1) is closely related to the R matrix for the orthosymplec-
tic phase space [12] covariant with respect to quantum OSp(2/2). This phase space is
defined as the free associative algebra of the phase space variables

X'=ha, X?=—iha, Xo=x Xt=0 (2.16)
subject to the following commutation relations

X' X*=pX*X' XX =qX°X’

XX =pX'K XK'= gx'x’

(X'y=0=(X% (2.17)

X' X'=n-X'X*

XX =in+r XX —ir (P - 1) XX
In addition we also have the orthosympiectic constraint

ir XX —rXCX U+ i XX =0 (2.18)

It can be shown that the orthosymplectic R matrix solves the braid ovse. This fact can
be used to define four-dimensional quantum superplanes and differential caleuli on
them. Next we present one concrete example of such a superspace and its differential
calculus.

Consider the simplest non-trivial case of a (2 + 2)-dimensional g-deformed ortho-
symplectic phase space which can be regarded as a graduation of the underlying
quantum vector superspace involving one bosonic and one fermionic coordinate. The
non-vanishing coefficients of the R matrix for OSp(2/2) are [12]:

-1 B __pBH_
Rii=Ri=-r n=Rn=
B_ Bl BM_ Bai_ ., I
B=Ri=R%= u=rq

2 BB B4 BMH_ -1
RTNITRY=RG=T g

B=RE=RYU=RY=r—r"' (3.1)
U=G-r-rY)  RA=r—r Y

RE=RE=r'  Ri=Ri=-r

B=RUB=ir"r—r1 Ri=R3=—i(r—r"Y).

This R matrix satisfies the braid quantum Yung-Baxter equation (2.2). The minimal
polynomial for R is of the third order

M(R)=(R—r)(R+r 'R+ ')=0 (3.2)
with roots

L=r  ly=ig=—r" (33)
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and unit matrix I. The root —#~ is a double root. In arriving at the result (3.2) we
worked out the components of the € matrix given by

Q=(R—rD(R+r'D). (3.4)

The non-vanishing coefficients of this matrix which turns out to be nilpotent are:

Qlt=r*1—-r7% Qi=ir(1-r7? Qi=i(1-r"%
Qif=(1—-r% Qi=ir(1-r7? QR=-r(1-r%
QR=(1-r? QF=—i(1~r"? QE=ir*(r*-1)
Qi=r"(r-1) Qf=—-("-1) Qi=i("-1)
Qli=r2(~1) Qi=ir%(r’-1) QL =i(r-1)

Q= (7~1). (3.5)

The relations defining the quantum hyperplane Q,(R) are

PX®X)=0 (3.6)
where

POoc(R+r DR+ r'D 3.7

is the projection operator onto the subspace of eigenvectors of R with eigenvalue .
Explicitly

X1X2=_q—lX2xl Xlx3=_p-lX3X!

XX'=—g ' X'X? XX =—p IX'X?

(X =0=(XF .

—(PHr)XX - ir (P - XX+ - D) XCX+ (P4 XX =0.

This algebra is dual to the coordinate algebra (2.17) but bigger in size. On the other
hand, the defining relations for Q,(R) namely, PP{X®X)=0, reduces to the
orthosymplectic constraint (2.18). Here P? is the projector onto the subspace of

eigenvectors of R with eigenvalue —r~".
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Making use of the formulae given in section 1 we can obtain the differential

calculus on the orthosymplectic superplane (3.8):

"X =1+r72X'9; — (1~r=") X0~ (1 —r ) X°0;— (1 - r°Y’X*9,,

0,X% = —p ' X9 —ir (1-r)X'9;
8, X%=—g71X%, +i(1—r"?) X8,
8X*=X"3,

BX'=—q ' X'8,~ir (1-r") X%,
X =1-X20,—(1-r )1+ rHX%3,—- (1—-r X%,
3:X*=—r2X%9,

HXt=—p X9,

&X'=—p X3, +i(1 - r H X%,

8, X =—r2X%,

3 XP=1-X;—(1-r"HX%,
X*=—q X3,

8,X'=X"9,

8, X2=—q X%,

HWX*=-p-' X,

8 X*=1+r"2X",.

8, =—pd0, 8.8;=— 4050,
0,0, = — pdd; 930,=—q049;
6282= 0 = 3383

(3.9)

(3.10)

- (r"2+ r2)6,64 - ifz(f_z - 1)826'3"‘ i(r—Z - 1)6362+ (!’_2 + r2)646. = 0.

Even though Q,(R) is a hyperplane with anticommuting variables the differential
calculus given by the R matrix (3.1) is quite peculiar. The reason for this may be
traced to the fact that the root —r~! is multiple in nature and therefore the matrix

(E— B;) = Q is nilpotent.

Previously we have seen how the R matrix formalism enables us to define the
compiete algebra of variables and derivatives (3.8), (3.9) and (3.10). The calculus is
covariant with respect to the quantum supergroup OSp, ,(2/2). The corresponding
system of super-oscillators can be obtained by making the following substitutions:

X'—al Xi—al
o—a; 0,—a,
X2 bl X3 bl
8, b, 85— b,.

(4.1)

If we impose the reality condition (i.e. f=p, § =g) then Hermitian conjugation can
be shown to be an inner antimultiplicative automorphism of the superoscillator
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algebra. It would have been more appropriate to use the generalization of the
Wess—Zumino R matrix formalism to the supersymmetric case. However, the super-
symmetric version does not modify the explicit algebra of coordinates and derivaiijves,
and hence the super-oscillator algebra.

PP would like to thank CSIR for financial support.
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